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Abstract: The purpose of this paper is to study the
oscillation of the nonlinear fractional differential
equations with damping term. Using the techniques of
Riccati transformation and inequality, two criterions for
the oscillation of the equations are obtained, and the
examples are given to verify the relevant results.
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1. INTRODUCTION

In recent years, many scholars have studied the
oscillation of various equations including differential
equations, difference equations, and dynamic equations
on time scales. At present, scholars have made great
efforts to study t-he oscillation of these equations and
establish some new oscillation criterions for them[1-
9],but there are few studies on the oscillation of
fractional differential equations[9-11].In this paper, we

study the oscillation of

the following nonlinear fractional differential
equations.
DY (r@w (x()F (DEx(D)) + pt)y (x(E)G(DI (L)

+4Og0() = QLD X(D,X(0) &

te[ty,),t, 20, r(t) e C*([t,,+0),R), p(®),a(t) eC([ty,»).R), F |
G,7,9€C(R.R), Qdenotes

[t,;0)xR? where Df() denotes the modified Riemann-

continuous function on

Liouville derivative with respect to the variable T ,
ae(0]),

Assume the following conditions are true:
(A) rt)>0,pt)>0,q(t) >0,t e[ty,+0) ;
(A) Vx(t) e R, 0 <y(x(1)) <k;

(A) vy e R, F2(y) <IyF (y),1>0;
9(x()
(A1) vx#0, %50 2

(A5 )Exicts a function V(t), Vx=0and vy <R,

Qt.y. %)
" <v(t)

(As )Exicts a function m(t) , G(Dx(t) > m(t)F (DI x(t) .
2. PRELIMIARIES

Definition 2.1[12]: The definition and

properties of the modified Riemann-Liouville fractional

important

derivative of order @ are listed.

D (0= e 9 (1O 10) ac 0D (2)
o TAED)
‘ _1"(1+r—a)t (3)
D/ (f(D9()) = 9D F )+ O 5() 0
D flg] = fg[g(M)IDg(t) = DY F[9()1(9'®)* (5)

Definition2.2:A solution X(t) of (1)is called oscillatory if
it has arbitrarily large zeros; other-wise it is called non
oscillatory. Equation (1) is called oscillatory only if all

of its solutions are oscillatory.
3. MAIN RESULTS

Assume thatD={(t,s):t>s>t} D,={t.s):t>s>t} and there
exists a functionH <C(D.R) H is called function belong to

the class of Q,if H satisfies following conditions:

(1)H(t,8)>00n Dy; Vt >ty H(t,1)=0;
(2) H(t,S) has a continuous non-positive partial

derivative for the second variable on D;

(3)3(t.9) COR), D () H ).
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For the sake of convenience, we set §°_F(1+a)’
tlZ
&= i) R, =0,+0).

Theorem 3.1.Assume (A) —(A) hold, and if there exist
H e Qand p €C*([t,,+©),R,), such that

t
lim supi H (t,s)[kq (s)p(s)

t—>o H (t ) (6)
Kyl ~
—fp(s)r(s)F2 ~p(S)i(s)ds =
p(s) , hts) (s)
then (1) is oscillatory, where F(&) =m()= = ) \/H(T 2(5) ,

rO=TC) q)=4(2),r0-50,v0=7(),

Proof: Assume that (1) has a non oscillatory solution
x(t) on [to,+) .Without loss of generality, we may
assume that X(t) > 0 fort >ty

FOV(XADFOEXM) (5

Defining w(t) = p(t) X®)

we get

DEw(t) = r(t)!//(X(t))()(tF)(Dt X(t)) DE (1)
+ p(t)Df f(t)W(X(t))()(;(Dt X(t))

_DEP) iy py QUDEKOX)

p(t) (t)
x(t)
o 908((0)
X(t)
_ (1) r©w (x()F (O () D x(t)
x*(t)

O f’;t) W(t) + p(tV(t) - m(t) p((t)) wit)

() p(t) DY OIF(DEX()
Ix%(t)

b ’(i)(t) w(t) + p(t)v(t) - m(t) p((tt)) wt)
(7)
—ko(t)a(t) -

1
poroa " ©

Letting W(t) = W(&) ,where ¢= and

l"(1+ a)’

Using (3) and (5),we obtain DS(t)=1,Diw(t) =

DIW(&) =W(£)DfE(t) =W/(&) Similarly, we also have
D p(t)=p'($),

transformed into the following form:

when¢ 2¢,.So inequality (7) can be

P& ~
p(&)

P(E) =
(g)r(é) e kil p($)F (&)

W(&) <= ZEW(E) + p(EV(S) —kp(£)T(S)
o (8)
w(&)

Substituting § with s, and multiplying both sides of the
inequality (8) by H(t,s) ,integrating it with respect to s
fromto tot,we get that

t t
~, 1 ~2
Ht, ds<—|——= &P (s)H(ts)d
E[ (t,s)w'(s)ds < ,[kllp(s)r(s)w (s)H(t,s)ds
j’ 2 ((5)) fi(s) pg ;)w(s)H(t $)ds )

t t
+ j H(t, s)ﬁ(s)V(s)ds—jH (t,s)kp(s)q(s)ds
t t

Moving the last term of (9) to left, we get

JH(t $)kp(s)q(s)ds < J.H(t S)W(s)ds - J[W~Z(S)
1

+(m(s) B(S) - ‘1 ) YW(s)]H (t,s)ds + J H (t,s)p(s)V(s)ds
r(s) p(s)

- AH(t,s) W
=H(tt t
(. to)w( o)+{[ W(s)ds j[kllp( S)r (s) v

+(m ()fg Z(s))w(s)]H(t S)d5+IH(t,5)ﬁ(S)V(s)ds

0

= H(tto) W(tp) - jh(t S)}YH (6 8)W(s)ds - j[klp(s)r(s) ®)
+(m()Fg)) p((s)) W JH(t,s)ﬁ(s)V(s)ds
Then,

jH (LK) (S)ds < H (t, o)Wi(to) — j[mwz(s)
to

p(s) , _hits) _p's) d
+(m ()r(s) Hes) p(s)) W(s)IH (t,s)ds

t
+ f H (t,5) 5(5)7 (s)ds

1)
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t
_ 1 _ 1 p(s) . h(ts)
=H(t,t, to) — —_— = >y
(t,to)W(to) {[[ k1|p(s)r(s)W(S)+2( ()r(s) HLs)

-, oo
7—’3((:))) Iklﬁ(s)F(s)]zH(t,s)ds+J.ikllp(z)r(s)Fz(s)H(t,s)ds
)

to

t
+IH(t,s)[7(s)V(s)ds

to

t -~ o~
< H (t,ty) W(ty) +Iw F2(s)H (t,s)ds
)

t
+jH(t,S)E(S)\7(s)ds

to

Then,

k1|,5(Z)F(S) F2(s)

t
jH (. S)KA(S)T(S) -
ty

~ AT (S)ds < H (t.to) lty)

AT

— ( v, j H(t,9)[kp(s)d(s) -
— 5($)V()]ds < W(to)

Therefore,
t ~, =~
1 ~ 5o Klo(S)r(s) —2
TN J HERAEF(S) -2 F2(s) (10)

— p(s)V(s)]ds < W(ty)
Taking the limit of the both sides of ast =~ ,we have
This

k1|5(Z)F(S) F2(s)

t
"LT:OSUPTO) H (t,9)[ko(s)a(s) -

— p(s)V(s)]ds < o0
contradicts to (6).Ifx(t)<0, the proof is similar and

hence is omitted. So the proofis complete.
Theorem 3.2.Assume (A)—(%) hold, and if there

existH € Q, p e C*([ty,+0),R,), p e C*([ty+0),R) and

ro e C*([to,+),R) ,such that

jH (5055 D

t~>ao
(11)
- TP(S)T ()Q% = A(S)V(5) - p(S)T (5)9'(5)

—p(8)p(s)'(s)lds =0

then (1) is oscillatory, where

5(s) hes) L5065 e
O™ Tiee ki 0 TO=TE), qt)=4(),

pt) =) V(1) =V (&), o) =9(&) .
Proof: Suppose that (1) has a non oscillatory solution
x(t) on[to.+°) .Without loss of generality, we may assume

thatX(t) >0 fort=t . The Riccati transform is defined

below
w(t) = p(t)[r(t)‘//(x(t))F(Dta x(t)) Fr(O)p)]
x(t)
Then we get
. (0D r(t)W(X(ti)(tF) CEON

PMDEr(t)e(t)) + r®e(t)Df p(t)

=D pt)(—+ 8 rO)o() + p(t)w

P W(X(t))G( E)Dt O e q(t)g(g(t))
r(®)y (x(t) F (D x(t) DI x(t)
X2 ()
+ p(Or()DFp(t) + p()e(t)DET ()
+1(t)p(t) D p(t)

-p()

< Drr) g;” w(t) + POV ~ () p(()) w(t) — ko(t)a()
L Tw (X)) FA(DEX(D)
P 20

+p()e®)Dr (1)

+ p()r(t)Df o(t)

<2020 iy 4 pityvet) - m(t)ﬂw( 1)
(0 =0
- T00)
Ik,

+pOrDpt) + p(P(M)Dr (1)

—kp(t)a(t) - p(t)

= D020 ity ¢ pi) - m® 22w - ko3
o0 )

1 0, ) r(t)(p ® (12)
pori " O 2 OPOT

+pOr(t)Df p(t) + p(t)w(t) Dr(t)
Similarly, the inequality (12) can be transformed into

the following form

k - 13
W(&) < PV (E) - kp(£)F(E) - [klI (5) 5 Wi+ (13)
HORYIGIAG! PO ()

(M(&) = 7o 2w (5))w(f:)] po)F=2 28] o

+p(T (9" () + p(E)e(E)F'(E)

Next substituting § with s, and multiplying both sides of
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the inequality (13) by H(t,s) then integrating it with

respect to s fromto to t,we get that

t t
- 1

H t, d d =" T =, =, 1

I (Lo)w(s)ds< t.[kllp(s)r(s)

t

t t
W(s)H(t,s)ds+IH(t,s),B(s)V(s)ds—IH(t,s)k,B(s)G(s)ds—

) fo

t .
J‘H(t,s)ﬁ(s)%w
!

f

t t
L H (L 9)A(S)T (5)7'(s)ds + £ H (1, 9)3(5)3(s)T/(s)ds

So,

t

t t _
IH(t,S)k/S(s)a(s)dss—.[H(t,s)W(s)ds_ f — =0 P0)

———W(5) + -
: : L KBS F(s)

-~ ~r t = ~2
—2@—67(5))W(s)]H(t,s)ds—JH(t,s)ﬁ(s)Mds
D) k]

f

t

t
+ j H(t,s),E(s)V(s)ds+.[H(t,s)ﬁ(s)F(s)&'(s)ds

)

t
RIOIEON B <~ T(9)P%(5)
2 5 s J.H(t,s)p(s)ikll ds

t
¢ t
+J.H(t,s)ﬁ(s)\7(s)ds+ J' H(t,5)3(5)F (5)7/(s)ds +

t
t 0

t
LH(Ls)ﬁ(s)F'(s)«E(s)ds

0

t ~r
wz(s)H(t,s)ds+j(€(S) +2¢’(S)
; p(s)

1 p(s) , _ht.s)
= H (L 10)ii(t) - j‘/kl()r() 45 FOES TS
2%-%) PO (5) 2 H (L, s)ds+ J' 4le'p(s)r(s) ®)

1! P

xH(t,s)ds - IH(‘ S)p(s)(p (s)r(s)d

to

t
t
+IH(t,s),B(s)V(s)ds+J1H(t,s)ﬁ(s)?(s)g}'(s)ds
t 0

t
+LH(t,s)ﬁ(s)F'(s)a(s)ds

t -~ o~
< H(t to)W(ty) +IMQ2@)H (t,5)ds +

to

t t Y
IH(t,S)E(S)V(S)dS—IH(t,s)ﬁ(s)—‘/’ (E)Ir &g+
1!

to )

t t
jt H(,9)5(5)F (5)7'(s)ds + jt H (6, $)5(8)F/(5)7(s)ds

Then,

t
IH(t,s)[kE(s)G(s)w?(s)
t

P(S)V(s) = ST ()0'(5) ~ p(S)F'(s) (s)]ds < H (o) ()
Diving the both side of the above inequality by H(t,ty)

ROHON kllp( )F(s) 2
k

ol

Q*(s)-

,we have

) klp(s)F (s)
4

fH(t HKFST() + 5(6) 2 (S)r(s Q%(s)

H(t.t)
*p(S)V(S) P(S)F ()P’ () — p(S)F'(s)g(5)]ds < W(to)

Furthermore,

‘ o PO _WIFOF() )r(s) o

Thus, pm [Hesrs@ae- A kl
jH(t,s)k,S(s)q‘(s)dss H(t,to)w(to)—j[[kllﬁ(iﬁ(s)wz(s)Jr(fﬁ(s)Fﬁg+ —p(SD)V( )= P(S)T(5)9'(5) — p(S)F'(8)p(S)]ds < W(tp)
o } . o X .- Therefore,
-2 - Z S 97 o t L (14)
t | - msup [ o0+ - M e
; J HESTES+ [HOIFETOF O+ KOO O7OS TR O B
which contradicts to (11).So the proof is complete.
4. EXAMPLE
1. Consider the equation below
© 2019, IJISSET Page 4
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1

) 1
= 2
p@ase )20

1+(D2x(1)?

0240y (12302 )

-I¥
)+t(d+e™)|D 120

(15)
1

=sintcosOZx()x(t)

wheret>1,r(t)=t2, pt)=t, q(t)=1+3t2, m)=1,

tozly kl:2’ k:17 |:17

up—jH(t s)[kq(s)p(s)——p(s)r(s)F2

t~>00
—p(s)V(s)lds
1t 2 ov 2x1 5
—tll_r)rlosup( 72 L(t—s) [A+3s )—Ts X
( 2 +£)271]ds
(t—s)? S

= lim supi (t s) [(1+3s )——s X
t—ow (t )

4 4

(—t—F—
(t-s)? sy(t—s)?
2s

= lim supi ( —s)?[3s% - o 1 ds

2
1
too o (t—1)2 (t- 5)2 (t-s) 27 =0

From theorem 3.1,the equation (15) is oscillatory.

+—)—1]ds
g) ]

2.Consider the equation below

1 (16)

D2 (t%(L+ e*'X')ID*Z#) + 2608+ e M) | D2x() | +(1+ 32 +1°)
1+ (D2x(1))’

X2+ x4()
1+X2(1)

1
=sintcosO2x()(t)

t>1,rt)=t%, p(t) =2t3,q(t) =1+ 3t +t°>,mO=1, k=2,

k=1, 1=1, to=1,p(t)=t,pt)=1

t 2, \~ ~ o~
lim supiv[ L IKFE)() + p(e) L= 6) _Klp)r(s)
too  H(tt )t k1| 4

Q%(s)

=P () - p(S)F (5)9'(5) - p(S)F ()@ (s)]dls

s

= lim sup
t—ow (t_

1o, 4
2° )2

Mtﬁh+

+52)]ds

JG—QZ

ja—)[ T 9
3

o5 —734]ds
(t —s)2 2

=00

From theorem 3.2, the equation (16)is oscillatory.
5. CONCLUSIONS

In this paper, two criterions for determining the
oscillation of a fractional differential equation are given.

The validity is verified by two examples.
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