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Abstract:-In this paper, we develop a six order accurate
method based on quartic nonpolynomial spline function
at midknots for the numerical solution of singularly
perturbed second order two point boundary value
problems. Using this spline function a few consistency
relations are derived for approximating the solution of
the problem. The proposed approach gives Dbetter
approximation than other existing spline methods and
finite difference methods .Convergence analysis of the
proposed method is discussed. Two numerical examples
are included to illustrate the practical usefulness of our
method.
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1. INTRODUCTION

We consider the following singularly perturbed second
order two point boundary value problem of the form:
—ey@+f)y =gl ,f(x) >0, xelab](1)
Subject to the boundary conditions

y(@) =ap,y(b) =a, (2)

Where f(x)and g(x)are smooth real valued functions
in [a,b] , @y , a; are finite real constants and € is a
small positive parameter such that 0 < € < 1. The
numerical treatment of singular perturbation problems
has received a great deal of attention in the recent past.
The problem in which a small parameter multiplies the
highest order derivative arises in various fields of
science and engineering, for instance fluid mechanics,
fluid dynamics, optimal control, chemical reactor
theory, etc. A variety of numerical methods are
available in the literature to solve that problem for
details one may refer to survey article by Kadalbajoo
and Patidar[1],various
difference methods, finite element methods for the
solution of such problems numerically. Hegarty et al.
[2] and Niijima [3] established uniformly convergent
second order finite difference schemes.

authors have wused finite

finite element framework and
first order accuracy at the
nodes.Surla and Stojanovic [5] generated a difference

scheme via spline in tension and achieved the error

Bogalaev[4]used
achieved uniform

estimate. Mohanty and Navnitjha [6] have developed
compression spline based numerical methods for
solution of the problem. Aziz and Khan [7] solved this
problem by quintic polynomial spline method, Khan et
al. [8] used fifth order uniform mesh difference scheme
using sexticspline. Rashidinia et al.[9] have solved this
problem using spline in compression. Kadalbajoo and
Aggarawal [10] considered B-spline collocation to
generate second order convergent method for solving
this problem. Ramadan et al. [11] have solved this
problem using nonpolynomialquintic spline. The aim of
this paper is to construct a new spline method based on
a nonpolynomial spline function that has a polynomial
part and a trigonometric part to develop numerical
method for obtaining smooth approximations for the
solution of the system (1) and (2)

1.1 Derivation of the Method

We introduce a finite set of grid points xi by dividing the
interval [a, b] into n equal parts.

x; =a+ih, i=01,..,n

Xg=a ,x,=band h= ;a(3)

Let y(x) be the exact solution of the system (1) and (2)
and Si be an approximation to y; = y(x;)obtained by
the spline function Q;(x) passing through the points
(x;,S;) and (x;41,S;4+1) -Each nonpolynomial spline
segment Q; (x)has the form

Q;(x) =a;sink (x —x;) +b;cosk (x —x;) +

c(x—x)* + dilx—x)+ e,
i=012..,n-1(4)

Wherea,; ,b;,c;,d; and e; are constants and k is the
frequency of the trigonometric functions which will be
used to raise the accuracy of the method . Eq. (4) reduces
to quartic polynomial spline function in[a, b] when
k — 0 choosing the spline function in this form will
enable us to generalize other existing methods by
arbitrary choices of the parameters a, 3, and y which
will be defined later in the end of this section.

Thus, our quartic nonpolynomial spline is now defined
by the relations: (i) S(x) = Q;(x), x € [x;,x;11],i =
0,1,..,n—1
(ii) S(x) e C*[a, b](5)

b
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First, we develop expressions for the five coefficients of
(4) in terms of Si+1/2,Dl-,Ml.+1/2,Tl- and Wi+1/2, where

(l)Qz (xi+1/2) = Si+1/2' Qi(l)(xi) =D;
QP (x141,) = My, (6)
(iii)Qi(3)(xi) =T ; Qi(4) (xi+1/2) = Wi+1/2

We obtain via straight forward calculations the
following expressions:
_Ti
K
T;
b; = k—; taniz@g/z) +

al‘:

1
— W1
kicosig0),) T/

1 1 T;
C; ZEMH'l/Z + Zk_zWH'l/Z H di = Di +Eei=5i+1/2 -

2 2

%Di B %M”l/z N zz_zTi N [& + %] Wiy, (7)
Where = khandi=0,1,2,..,n—1

Now using the continuity (ii) in (5) that is the
continuity of quartic nonpolynomial spline S(x) and its
derivatives up to order three are involved at the point
(x;, S;) where the two quartics Q;_, (x) and Q;(x) join.
Thus Ql.(:"l) (x) = Ql.(m)(xl-), m=0,1,2and 3.
Using Egs. (6) And (7) yield the following consistency
relations:

g[Di +D; 4] = (Si+1/2 a Si_l/z)

h2
g [Mi+1/2 + 3Mi—l/z]
tan 9/2

e T

[T+ Tizal

1 1 h?
[T, + T,_;]+ [W(H/Z)—F—W]WHVZ‘I‘

1 cos (8) 3h2
[F " k*cos (6/2) N W] Wi—l/z (8)
h h? h2 hsin(e/ )
2D = Dl =5 My + [I - ] A
an (9
wChlig o, =

k
—1+cos(9/2)
[MH'l/Z N Mi-l/z] + [ kzcos(e/z) ]Wi+1/2 +
cos 6 —cos (9/2)
[ kzcos(g/z) ]Wi_l/Z
(10)

tan (9/2)
k

_ 2sin2(9/2)
" kZ2cos (9/2)
Adding Egs. (8) And (9) then use equation (10), it
follows that

[T; — T;—4] Wi—l/z(ll)

WD, = (Sus1y, = Sic1,) + |12 2ktan(/y) 8

(Ml'+1/2 N Mi—l/z)

Y G "
8k® " 2k3 tan(f/,)

h

(Wi—1/2 - WHl/z)(lz)
Adding Egs. (10) and (11), it follows that

_ k _ 1 _
= 2tan (‘9/2) (MH'I/Z Mi_l/z) + <2k sinf/,
12k tan@2Wi—12—-Wi+12
(13)

By eliminating D’s from Eqs (9) and (12), we get
(6}12 h sin 9/2 h[cos? 9/2 —cos 9/2> W
— = + i1
8k? k3 k3sin 0/2 /2
—h%2  —h(cos 9/2 -1)
= +
8k? 2k3 sin 9/2

) (Wesy, + Weny,)

+ <_h2 42 h )(M
8 k¥ 2ktan 9/2 /2
+ Mi+1/2)

N —6h*> 2 4 h u
- 9
8 k2 ktan9/2 =/

+ (Si_3/2 - 251»_1/2 + Si+1/2)
(14)
Also, by eliminating T’s from Eqs (11) and (13), we get
k?cos 9/2 )

Wiz, + Wiy, = (m

(Mi—3/2 - 2Mi—1/2 + Mi+1/2)

20059/2—26056 2c059/2—2c059
_( 1—6059/2 )Wi—l/z B ( 1—0059/2 )Wi_l/Z(ls)

Substituting the value of ( WL-_3/2 + Wi+1/2)from Eq.
(15) into Eq. (14), then from the resulting equation we

set two other expressions for W;_3 A and W, 1 /2

(increasing and decreasing the indices by one Jthen
substitute these expressions in Eq. (15) ,we get

W (Si_s/z + Si+3/2) +p (Si_3/2 + Si+1/2) + O'Si_l/z

= h2 [a (Mi—s/z + Mi+3/2) +5 (Mi—3/2 + Mi"'l/z) +
yMi-l/z
,i=3,4, ... ,n—2 (16)
Where —eM; = —f;S; + g; with f; = f(x)), g = g(x)
and the six parameters w , p, o, a, B andy are given by
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—os? 0/ _ _
- ;260542 === 922 2;79 2 @ (yi—s/z + yi+3/2) tp (yi—3/z + yi+1/2) oY1y, =
cos 2 cos 2
o= 2—60059/2;—45059 h? [a (y(Z)i_S/Z + Y(Z)H%) + ﬁ (y(z)i_3/2 +
’ 2
Poeos®/a Y@ ) +vy®@ |+ i =3,m - 2(21)
—8 + 6% +8cos 9/2 i+1/ i=1/p] T v
= oyy1+o1y3s +0,y5 + 03y7 = —a +
8 6% cos 9/2 03’5 13’5 2}’E 3}’E 0Yo

—24 + 16 cos 9/2 —360%—8cos 6+ 6%cos O
4 0% (1 - cos 9/2)

(8—62)cos6 + 8+ 362

46*(1 - cos g/z)cos 0/

32— 024+ (16 + 6 6%) cos 8 — 24cos 9/2

r= 46*(1-cos 9/2)
(0% —8) —cos 6 (16 + 6 6?)
46*(1—cosb/,)cos b/
Remark I

1 76 230
For((l), p’ g, a’B’Y)=(1;4;_10; E ;E ;E)

Then our scheme (16) reduced to the scheme in in [12,
13].

The relation (16) gives (n-4) linear algebraic equations
in the (n) unknowns Si+1/2,i =012,.... ,n—1,sowe

need four more equations, two at each end of the range
of integration for direct computation 0fSi+1/2. These four

equations are deduced by Taylor series along with the
method of undetermined coefficients.
0051/2 + 0153/2 + 0255/2 + 0357/2
=—0ayS,
i=6

woM, + Z wM,_
i=1

+ h?

(;)l’f ori

(17)

=1

0451/2 + 0553/2 + 0655/2 + 0757/2 + 0859/2 =
—boSy + h2[XiZ] Wi+6Mi—(1/2)]'f0ri =2(18)
O-BSTI—% + 0-7571—% + GGSn_; + GSSH_%

i=7
Z Wi+6Mn_H_(l)l'
i=1 z

fori=n-1 (19)
038n-7/2 + 028, 5,2 + 018,32 + 00Sp_1/2 = =S, +
h?[woM,, + ZiZ§ WM,y 1)), for i = n (20)

Where ay , by, 0; s ,w; 's will be determined later to get

+G4Sn_l = _bosn + hz
2

h? [Woy(z)o + XS wy® +1t,fori = 1(22)

i—(1/2)]
04y1 + 05y3 + 06y5 + 07y1 + ogy9 =
2

_bOyO + h? [Zl =1 Wl+6y i— (1/2)] + ti,fOri = 2(23)

98,2 + 07Yn-1 tosy, st

053’"_% + ‘743’71—% = —byy, +
h? [Ziii Wi+6y(2’n_i+@)] +t;, fori=n—1(24)

03Yn-7/2 Y 02¥n-5/2 + 01Yn-3/2 + OoYn-1/2 =

—QoYn t h? [WOy(z)n + Ziz? Wiy(z)n_H_(l/z)] +
t;, fori=n (25)
The terms Vi1, and yi(f)l/z, ......... in Eq. (21) are

expanded around the point x; using Taylor series and the
expressions for t;,i = 3,4, ...,n — 2 can be obtained.
Also, expressions for t;,i = 1,2,n — 1,n are obtained in a
similar manner by expanding around x, for i = 1,2 and
around x,,, fori = n — 1, n respectively, the local
truncation errors t;, i = 3,4, ...,n — 2 associated with
the scheme (16) are

o
= Qw+2p+0)y;+ (—w —p— E) hyi(l)
34w+ 10p+ 0
+ (Tp —Qa+2p+ V)) h2y®
—98w —26p—0 3 (3)
(2 (~a-p-1))ny
706w + 82p + o 34a + 108 + y) 4. (@)
+ ( 384 _( 8 oy
—2882w —242p—0d (—98a — 260 — y) 5 (5
+ ( 3840 _( 48 my.
N (16354w +730p+0 706a+828+y >h6 ®)
46080 ) et
+ (—75938(0 —2186p — o
645120

—2882a — 2428 —y ) o
3840 )Ry,

+ 397186w + 6562p + o
(40320)(256)

the required order of accuracy. The local truncation - ( 26080 ) hgyi
errorst;,i =1,2,..... ,n associated with the scheme (16-
20) can be obtained as follows: first we rewrite the +0(h%), i=34,..,n—2(26)
scheme (16-20) in the form: ti = (ag+0o+01+0,+03)y +
o+ 301 + 50, + 70
( 1 2 3) h yi(l)
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(00 + 90y + 250, + 4903)
8
Wy +wy +wy +ws +w, + ws +wg)

+

04 + 8los + 6250, + 24010, + 65610g
* ( 384 )

h? yi(Z)

w; + 9wy + 25wg + 49w, + 81wy + 121wy, + 169w ,
.\ ((00 + 270, + 1250, + 34303) - ( = 2 10 o 1 12 13)) hty!
48
0, + 2430 + 31250, + 168070, + 590494,
B (W1 + 3w, + 5w3 + 7w, + 9w + 11w6>> By + ( 3840 )
2 i
wy + 27wy + 125wy + 343wy + 729wy, + 13311y, + 2197w,
.\ (00 + 810, + 6250, + 240103) - ( 5
384 (04 + 72905 + 156250, + 1176494, + 53144108)
w; + 9w, + 25w3 + 49w, + 81ws + 121wy @ + 46080
- ( 3 ) h*y, <w7 + 81wy + 625w, + 2401wy + 6561wy, + 14641w,, + 28561
0y + 2430, + 31250, + 168070, 384
+ ( 3840 ) 04 + 218705 + 781250, + 8235430, + 47829690,
+ 243 3125 16807 6451?804—9 161051 371293 h7y‘(7)
wy + 27wy + 125w5 + 343w, + 729ws + 1331wg\ | g\~ (T T e S T e TR
- 48 04 + 656105 + 3906250, + 57648010, + 430467210,
+ ( (256)(40320) ) \ a (E)
\_ (w7 + 729wy + 15625w, + 117649wy, + 531441wy; + 1771561w;, + 4826809w;3 /
ao + 7290, + 156250, + 11764905 lo 46080
P ) oo +0(h1%),i = 2,n— 1(28)
wl + 81w2 + 625w; + 2401w, + 6561ws + 14641w6) Yi
384 3 . .
GO+218701+7812502+82354303 The scheme (16 - 4.20) gives rise to a high order
645120 ) NG accurate method as follows:
w1+243w2+3125W3+16807W4+59049W5+161051W6) Yi
3840
aﬂ + 65610y + 3906250, + 576480163) Six order convergent method
(256)(40320) ® 22 149
( wy + 729w2 +15625w; + 117649w, + 531441ws + 1771561w6)> y®  For (w,p,0) =(1,4,-10) then (a,B,y) = (20 30 )
46080
/ (aﬂ + 196830, + 19531250, + 4035360703) \ And
(512)(362880) (ay, 6y, 01,0, =
+\ wi + 2187w, + 78125w; + 823543w, + 4782969ws + 19487171w /hgyi »(ay, 6,01, 02, 03)
645120 ) (30,—30,-30,
+0(h1),i = 1,n(27) 45 ,—15 wowl, w2, w3, w4, whwé= —194377616 ,
t; = (bg+04+05+0,+0;,+03)y; + 29888328672 , 116939386016 , —16490914336 ,
(04 + 305 + 506 + 70, + 908) b ) —123199100352 ,—6161258048329331539200,04,
Y 05,06, 07,08=—15, —50, 3152,—-2552,50,—15
(04 + 905 + 2504 + 4907 + 8log
+ 8 ) hzyl_(Z)
—(w; +wg + wy +wyg +wyg +wip +wys) (W7' Wg, Wo, Wig, Wiy, Wiz, Wi3)
—6789241 ,—43751194,11647289, —12993516,2538889,
4 3YfHere v = 688128 , Then the local truncation errors
+ (w7 + 3wg + 5wy + 7wy + 9wy + 11wy, + 13W13> h ay{e ’
2 _
( 44335 9. (9) 10y . ;i —
| 3612672 Ry~ +0(R7) s i=1n
) —2s65113 ;4 (9 108 . 5 _ _
= —12386304 Ry +0('") ;i=2,n-1(29)
8.,(8) 9y . -
15120hyl +0M°);i=3,.... ,n—2
Remark II

Choosing different values of the parameters (w, p, o)
along with(a, B,v). We get another scheme, for arbitrary

choices of (w,p,0) = (1,—1,0) along with (a, B,y) =

17 29 37 ivest, = —>_ p8y® 9
(240'30’40) s givest; = 20160 h%y; =+ 0(h%)

2. METHOD OF ANALYSIS
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The spline solution of (1) with the boundary condition
(2) is based on the linear equations given by (16 -

420).LetY = (y,,1,),5 = (s1,)
C=1()T=(t)E= €41y, = Y — S is n-dimensional
column vectors, and then we can write the standard
matrix equations for the nonpolynomial spline method
in the form:

(ONY=C+T
(ii)NS = C(30)(iii)NE =T
We also have N = —eN, + h?BF,F = diag (fi+1/2)(31)

Where

Oy

o, o, O, O, O,

0o p o p

N =
o p o p o
o, o, 0, O, O,
0-3 02 O-l O-O

(32)

The matrix B has the form
fw,ow, ow,ow, w,w, |

W7 WB W9 WlO Wll WlZ W13
a f oy B a
B=

a p oy B a
W13 W12 Wll WlO W9 W8 W7
L We Ws W4 W3 Wz W1_
(33)

For the vector , we have
i=6 i
a,(ea, —w, fo)+h2[w0 g, + Elwigii(%)} Ji=1
L3 .
ayehy +h [IE Wagi,(%)} Ji=2

C = hz[a(glf% + gl+%)+/}(gi% + gi%)+y(gi_%ﬂ, i=3...,n-2
a,eb, + hz[igfwign,n(l%)j‘ Ji=n-1

a,(ea, —W, fn)+h2[w0 g, +§Wignii+(%)} ,i=n

(34)
2.1 CONVERGENCE ANALYSIS

Our main purpose now is to derive a bound on ||E|| .Now
we turn back to the error equation (iii) in (30) and
rewrite it in the form

E=N-'T (35)

LetM, = min15i5n|fi—1/2 M" = maxlsi5n|fi—1/2| ; 0<
M, <M< M*
Where M is some positive constant, let n(i, j) be the (i, j)

element of the matrix N given by (31), clearly, the row

sums Sy, Sy, ....., S, of the matrix N satisfy
j=n

S = Zn(i,j) > —€e(og + 0y +0, +03)+
j=1

h2(wy +wy +ws +wy + ws + wg)M,
Jfor i=1,n (36)

j=n

Si = Zn(l,]) > _6(0'4 +O'5 +O'6 + 07 + 0-8)+
j=1

h?(w; + wg + wg + wyg + wyp + wy, +
w13M=* fori=2,n—1(37)
S, =212in(i.)) = R Q@+ B) +y)M, , fori=
3,....,n—2(38)
Since 0 < € < 1, ifwe choose h to be O(\€) then N
becomes irreducible and monotone (Henrici,1962).
Hence N1 exist and its elements are nonnegative, so
TiZt (ngly S =1, j=12,..,n(39)
Where n(_j{i yis the (j, 1) element of the matrix N1
Therefore

ZiZingy < (40)

min 1<i<n Si
Since, ¢ = %iZ} (n(_]-lii).ti), ji=12,..,n (41)

Since, ||E|| = max1$j$n|ej| and

1
15120

IT|l = h8 Mg, whereMg = max, <<, |y(x)®|,
(42)
Then |IE|l = 0(h®) (43)
We summarize the above results in the next theorem
Theorem: Let y(x) be the exact solution of the

continuous boundary value problem (1) with the

boundary condition (2) and letyHl/2 ,i=01,.,n—-1

satisfy the discrete boundary value problem (ii) in (30).
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. — _ =~ 6\ 1 A A A A
Further, 1fei+1/2 = Vi1, 5i+1/2 then||E|| = 0 (h®), is = D.56*107-8  [1.72*107-10 [2.92*107-12 WK.66*107-14
a six order method which is given by (43). 1 129%107-7 [.30*10"-9 [0.36*107-12 [8.74*107-14
. 64
2.2 Numerical Examples 1 699%10%-6 [B.56*10"-8 [1.59*107-10 B.56*107-13
We now consider two numerical examples to illustrate 128

the comparative performance ofour method (”) n (30) Table (2): The observed maximum absolute errors for Example 2

over other existing methods. All calculations are

implemented by MATLAB 7
€ n=16 n =32 n = 64 n =128
Example 1. Consider the boundary value problem [3]
1 [ 353%10~-7 | 4.49%10%-9 | 6.92¥10~-11 | 1.07*10"-
—ey®P + (1 4+ x)y = —40(x® — x — 2¢) 16 12
y(0) = y(1) = 0(44) T | 26251077 | 3.39*107-9 | 5.85%10"-11 | 9.20*10"-
32
The analytical solution of (44) is 13
1 | 534*10~-7 | 5.55*10-9 | 1.04*10°-10 | 1.68*10"-
y(x) = 40x(1 — x) (45) 7 b
This problem has been solved by using our six order T [ 927°10°6 | 3.30°10°8 | 834°107-10 | L4210~
method given by equation (29) with different values of 128 11

=107%,107°,107%,1077,10"% at n = 32, the
. . Table (3): The observed maximum absolute errors for Example 2 in
maximum absolute errors are tabulated in Table (1).

[11]
Example 2. Consider the boundary value problem [14] < n=16 =32 =64 n =128
—ey@ +y = —cos?(nx) — 2 € n?cosiRmx) 1 [122*10%6 | 645%107-9 | 3.40*107-11 | 1.03*10"-
16
12
y(0) = y(1) = 0(46)
. . . 1 2.00*107-6 | 1.68*107-8 | 1.36*107-10 | 1.09*10"-
The analytical solution of (46) is 32 .
x—1 —X
e Ve + eve 1 8.89*107-6 | 1.16*107-7 | 1.20*10"-9 1.08*¥107-
y(x) = ———= — cos*(mx) (47) 7 "
1+eve
. . 1'*/\_'*/\__*/\_ 14*10A-
This problem has been solved by our six order method 28 57471075 | 99871077 | 1.18710%-8 | 1.14710
10
given by equation (29) with different values of the

Table (4): The observed maximum absolute errors for Example 2 [8]

parameters € and n .In these tables we have compared < =16 =32 F—) n =128
our results with the methods in [5, 7-9, 11, 17-19], the 1 1806%107-3 | 2.02*107-3 | 5.08*10-4 | 1.27*10"-4
16
maximum absolute errors are tabulated in tables (2 - T 5101073 [ 179103 | 445 0°a | 11 10°3
10). 32
- - 1 6.58*107-3 | 1.66*10"-3 | 4.15*10"-4 | 1.04*10"-4
Miller Niijima Niijima Our six o4
€ [16] [3] [15] order method i 6.36*107-3 | 1.61*107-3 | 4.03*10”-4 | 1.01*10"-4
128
10**-4 16.4*107-3|6.5*10”-3 [5.9*10"-5 | 4.44*10"-15 Table (7): The observed maximum absolute errors for Example 2 in
10*7-5 [6.1*107-36.4*107-3 [2.1*107-5 | 3.55%107-15 [5]
10*"-6 [4.1*107-3[5.6%107-3 [3.5%107-5 |3.55*107-15 € n=16 n = 32 n =64 n =128
1 7.09*107-3 | 1.77*107-3 | 4.45*10"-4 | 1.11*10"-4
10*~-7 [7.7¥107-4|3.1*10”-3 [3.9*10~-5 | 5.33*107-15 16
10*~-8 |7.6%¥107-5(1.2*¥107-3 |2.1*107-5 5.33*107-15 1 5.68%10/-3 1.42%107-3 3.55%10/-4 8.89%107-5
Table (1): The observed maximum absolute errors for Example 1 1 | 407%107-3 | 1.01*107-3 | 2.54*10"-4 | 6.35*10"-5
n=16 n =32 ‘ n = 64 n =128 o4
1 6.97*107-3 | 1.75*10~-3 | 4.33*10"-4 | 1.08*10"-4
i 1.42*10~-7 [2.06*107-10 [3.36*10”-12 |5.85*10"-14 128
16
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Table (10): The observed maximum absolute errors for Example 2 in

[19]

n=16 n =32 n = 64 n =128
1 | 407%107-5 | 2.53*10%-6 | 1.58*107-7 | 9.87*10"-9
16
1 | 2.00%107-5 | 1.24*107-6 | 7.74*10"-8 | 4.83*10"-9
32
1 | 5.45%107-5 | 3.42%107-6 | 2.14*107-7 | 1.34*10"-8
64
1 11.83*10%-4 | 1.22%107-5 | 7.68*10"-7 | 4.81*10"-8
128

Table (6): The observed maximum absolute errors for Example 2 in

(9]

n=16 n =32 n = 64 n =128
1] 120*10%-4 | 7.47*10"-6 | 4.67*10~-7 | 2.90*10"-8
16
L 1.28%¥107-4 | 8.00¥*10”-6 | 5.00*107-7 | 3.14*107-8
32
€ n=16 n =32 n = 64 n =128
1] 414*107-3 | 1.02*107-3 | 2.54*10"-4 | 6.35*10"-5
16
i 3.68¥107-3 | 9.03*10”-4 | 5.01*107-5 | 1.40*107-5
32
i 3.45*107-3 | 8.40*107-3 | 2.08*107-4 | 5.20*107-5
64
L 3.45*¥107-3 | 8.21*10”-4 | 2.03*10”-4 | 5.06*10"-5
128

Table (8): The observed maximum absolute errors for Example 2 in [17]

3. CONCLUSIONS

We have described a numerical method for solving
singularly perturbed second order two point boundary
value problem using quartic nonpolynomial spline at
midknotes. It is a computationally efficient method; its
algorithm can easily be implemented on a computer and
needless coefficients evaluations as compared with
quintic and sextic splines [8, 11]. The tables confirm
theoretical convergence and demonstrate the superiority
of the proposed method against the existing methods.
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