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Abstract: In the present paper, we prove
coincidence fixed point theorem for two pairs
of contraction mappings in Hilbert spaces
without any continuity requirement.
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1. INTRODUCTION

In recent years some fixed points of various
type of compability mapping in Hilbert space
and Banach spaces obtained by
Browder [1], Browder and Petryshyn [2],
Hicks and Huffman [3], Jungck[4].

were

2. PRELIMINARIES

2.1 NORM: A norm on X is a real-valued function
[|.||: X—>R defined on X such that for any x, y € X and for
all LeK

(@) ||x||=0ifand onlyifx =0

(b) [Ix+yll <{IxIl +1lyll
() [1ax{] =2l [1x]]

2.2 NORMED LINEAR SPACE: It is a pair (X, ||.|])
consisting of a linear space X and a norm ||.||. We shall
abbreviate normed linear space as nls.

2.3 CAUCHY SEQUENCE: A Sequence {xn} in a normed
linear space X is a Cauchy sequence if for any given ¢ >
0, there exist ng € N such that ||Xm - X || <€ for m,n>ng

2.4 CONVERGENCE CONDITION IN NLS: A sequence
{Xn} in a nls X is said to be Convergent to x € X if for any
given € > 0,3 ng e N such that ||x, - x|| <€ forn>ny

2.5 COMPLETENESS: A nls X is said to be complete if
for every Cauchy Sequence in X converges to an
element of X.

2.6 BANACH SPACE: A Banach Space (X, ||.||) is a
complete nls.

2.7 INNER PRODUCT SPACE: Let X be a linear space
over the scalar field C of complex numbers. An inner
product on X is a function (., .) : XxX — C which
satisfies the following conditions

(@) xy)=(¥Vx)forxyeX

(b) (x+uy,z)=A(x2z)+upn(y z)
forh, ne(CxyzeX

(0 (xx)=20;xx)=0 iffx=0

2.8 LAW OF PARALLELOGRAM: If x and y are any two
elements of an inner product space X then ||x + y||? +
[x-y[|2 = 2[[x][|* + 2||y]|?

2.9 HILBERT SPACE : An infinite dimensional inner

product space which is complete for the norm induced
by the inner product is called Hilbert Space.

3. MATERIAL AND METHOD

Theorem: Let C be a closed subset of a
Hilbert AB,S, T:C—>C are
contraction and continuous map of C, then
A,B,S,T converges to u. If

space H.

| Ax =By <max{ |[Sx ~Ty|", [Sx — Ax|",
By —Ty[" | Ax—Ty| Jsx - By[ "y )

Also (i) (A,S) has coincidence point
(ii) (B,T) has coincidence point

(A,S),(B,T)are coincidently commuting then
A,B,S and T have a unique common fixed
point

4. RESULT AND DISCUSSION

Proof of theorem: Consider xo be an arbitrary
point in X,since A(X) < T(X) ,we can find a point x1
inXs.t.

AXO=TX1
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Also B(X)C S(X), we can choose a point x, with
Bx1=Sx>

Then construct a sequence
Uz2n=AX2n=TXzn+1
Uzn+1=BX2n+1=SX2n+2

if we substituting x=x2, and y=x2,+1 then by

(i)

| A% = BXon | <max{ [Sxp —Tonu|

18X20 = A0 | Bt = M| [AXgy =T
|S%,, — Bx2n+1||2}

2 2
= ||u2n - u2n+l|| smax{ ||u2n—1 _u2n|| ’

2 2 2
||u2n—1 - u2n|| '||u2n+1 _u2n|| '”uZn — Uy, ” ’

||u2n—1 - u2n+1||2 }

2 2 2
Smax{”“zn—l _u2n|| '||u2n—1 _u2n|| '||u2n+l _U2n|| )

||u2n —u2n||2,2||u2n71 _u2nl||2 +2”um _u2n+1||2} by

parallelogram law
2 .
< ||u2n+1 —u,_,n|| Contradiction

—> u2n is Cauchy sequence ,then claim that u;, is
convergent

[0~ B[ smaxt |8 ~Tot .50 A0l
(B~ Tl 10~ Tt 50~ B
Then

[0 —ulf smasx| A0~ Ju~ Aol Ju -l
o —ulf Ju—ul’y

= ||Ap - u||2 < ||Ap - u||2 Again contradiction
= Ap=u=Sp ,but A(X) C T(X)

So (i) u=Ap=Sp=Bq=Tq

(ii) Au=A(Sp)=S(Ap)=Su

(iii) Bu=B(Tq)=T(Bq)=Tu

||BX2n+1 —TX2n+1||2,||AU _TX2n+1||2 '”Su - BX2n+1||2}
= |Au—uf* smax A —u Ju— Au?,Ju-uf”

[ Au =l Ju—ul
= ”AU — U”2 < ||Au — u||2 Contraction

5. CONCLUSION
From above Au=u=Su
Similarly Bu=u=Tu

Then u is unique coincidence fixed point. Suppose w is
also a another fixed point of A,B,S and T then

Ju —vv||2 =|Au- BW||2 <max{ [Su - BW||2,
Jsu— Aul [T B, [ Au T 50— B

= ||U — W”2 < ||U — W”2 Contradiction
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